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Motivated by a recent experiment [S. Beattie, S. Moulder, R. J. Fletcher, and Z. Hadzibabic, PRL
110, 025301 (2013)] we study the superflow of atomic spinor Bose-Einstein condensates optically
trapped in a ring-shaped geometry. Within a dissipative mean-field approach we simulate a two-
component condensate in conditions adapted to the experiment. In qualitative agreement with the
experimental findings, we observe persistent currents, if the spin-population imbalance is above some
well-defined ‘critical’ value. The triply charged vortices decay in quantized steps. The vortex lines
escape from the center of the ring through dynamically created regions in the condensate annulus
with reduced density of one component filled by atoms of the other component. The vortices
then leave the ring-shaped high density region of the condensate and finally decay into elementary
excitations.
PACS numbers: 05.45.Yv, 03.75.Lm, 05.30.Jp
Persistent currents or ‘flows without friction’ as a hall-
mark of superfluidity have been studied in liquid helium
for several decades. Recently, persistent flow of atoms
has been observed in Bose-Einstein condensates (BEC)
trapped in a ring-like potential [1–5]. This enables fun-
damental studies of superfluidity and may lead to appli-
cations in high precision metrology and atomtronics. Of
course, the question of the stability of the atomic persis-
tent currents is of fundamental importance and, there-
fore, the subject of numerous investigations.
Theoretical studies of persistent currents in atomic
BEC are mostly limited to the simplified cases of
one-dimensionality and very weak interactions. One-
component BECs in a one-dimensional (1D) ring poten-
tial were studied in Refs. [6] and [7]. Superfluidity on a
1D ring in the presence of impurities was investigated in
Ref. [8]. Families of 2D solitary waves with and without
singly-charged persistent flow are investigated in Ref. [9].
For two-component BECs in 1D or 2D traps, the stabil-
ity of the persistent currents and their decay mechanisms
were under investigation in Refs. [10–16]. Smyrnakis et
al. [10] concluded that in a strictly one-dimensional ring
persistent currents with circulation lager than one are
stable only in single-component gases. This conclusion
was challenged recently [17]. In Ref. [18] it was found
on the basis of mean field calculations supported by ex-
act diagonalization results, that persistent currents in 2D
traps may be stable under specific conditions.
Experimentally, this problem has been addressed very
recently [5] for a toroidally trapped gas of 87Rb atoms
in two different spin states. However, previous theoreti-
cal investigations describe the stability of the persistent
currents in spinor BEC only qualitatively, but do not elu-
cidate the microscopic mechanism of the instabilities and
its impact on the dynamics of the persistent currents.
In the present work, we investigate the stability of
the superflow within a two-dimensional dissipative mean-
field theory. We find that phase-slips occur as the re-
sult of the simultaneous action of two factors: an az-
imuthal symmetry-breaking instability and a dissipation
effect caused by the interaction of the condensate atoms
with the thermal cloud. If the number of atoms in the mi-
nor spin component becomes comparable to the number
of atoms in the major component, the nonlinear repulsive
inter-component interaction leads to a separation of the
spin components. As a result of this instability, one finds
regions in the condensate annulus with reduced density
of one component filled by atoms of the other component.
These regions serve as ‘gates’ for the vortex lines where
they readily cross the annulus, and, as a consequence,
the winding number of the superflow is reduced by one
unit.
Model – The main properties of an ultracold dilute
spin-1 atomic BEC at zero temperature can be accu-
rately described by a set of mean-field Gross-Pitaevskii
equations (GPEs) for the spin components (Ψ+,Ψ0,Ψ−)
of the three-component order parameter ~Ψ. These equa-
tions correspond to the Hamiltonian H = H0 +HA with
the spin-independent part (see, e.g. [19])
H0 =
∑
j
∫
Ψ∗j
(
− ~
2
2M
∆+
c0
2
n+ V (r)
)
Ψjd
3
r, (1)
where r = (x, y, z) and n = n+ + n0 + n− =
∑
j |Ψj |2
is the total density; the strength of interaction between
atoms c0 =
4
3
~
2π(2a2+ a0)/M is given in terms of the s-
wave scattering length aS for atom pairs with total spin
S. The spin-dependent part HA of the Hamiltonian is
given by
HA =
∫ (
E+n+ + E−n− + E0n0 +
c2
2
|F|2
)
d3r (2)
where Ej is the Zeeman energy of the state Ψj , F the
spin density and c2 =
4
3
~
2π(a2 − a0)/M .
A vortex line manifests itself by the emergence of a
hole in the condensate, around which the atoms of spin
2component j rotate with velocities vj =
~
M∇Φj , where
Φj is the phase of the condensate wave function: Ψj =
|Ψj |eiΦj , subject to the quantization condition
M
∮
Γ
vjdl = 2π~qj , (3)
where Γ indicates a closed contour around the vortex
core, and the integer qj is the topological charge of the
spin component j. The persistent flow can be charac-
terized by a single q-charged vortex line pinned at the
center of the ring-shaped condensate. The external ring-
shaped trap produces a huge central hole at the axis of
the condensate cloud, where the vortex energy has a lo-
cal minimum, thus the vortex core in toroidal traps is
bounded by the potential barrier, which makes even the
giant multi-charged vortices robust.
In accordance with the experimental set-up of Ref. [5],
we approximate the external toroidal optical trapping po-
tential V (r) by a superposition of a harmonic potential
with trapping frequency ωz (which models the elliptic
highly anisotropic ‘sheet’ beam) and a radial Laguerre-
Gauss potential (which models the ‘tube beam’):
V (r) =
Mω2zz
2
2
− V0
( r
R
)2q
e−q(r
2/R2−1), (4)
where M is the atomic mass, R is the radius of the
trap (radial coordinate of the minimum of the trap),
r =
√
x2 + y2, and V0 is the trap depth. The parameter
q = 3 corresponds to the topological charge of the optical
vortex which produces the Laguerre-Gauss potential.
The harmonic potential creates a tight binding poten-
tial in z direction, so that the BEC cloud is “disk-shaped”
(lz ≪ R with lz =
√
~/(Mωz) the longitudinal oscil-
lator length). Consequently, we assume that the lon-
gitudinal motion of condensate is frozen in, Ψj(r, t) =
Ψ˜j(r, t)Υ(z, t), where Υ(z, t) = (lz
√
π)−1/2 exp(− i
2
ωzt−
1
2
z2/l2z). After integrating out the longitudinal coordi-
nates in the GPEs corresponding to the Hamiltonian H
given in Eq. (1) and (2), and accounting for dissipative
effects (see below), we obtain a set of three coupled dif-
ferential equations in 2D:
(i − γ)∂ψ±
∂t
= Hˆ±ψ± + νan0ψ∗∓, (5)
(i− γ)∂ψ0
∂t
= Hˆ0ψ0 + 2νaψ+ψ−ψ∗0 , (6)
with
Hˆ± = −1
2
∆⊥ − µ± + V (r) + νsn+ νa(n0 + n± − n∓),
Hˆ0 = −1
2
∆⊥ − µ0 + V (r) − ǫ+ c0n+ c2(n+ + n−).
Here, we have introduced the 2D Laplace operator ∆⊥
and dimensionless space and time coordinates r → r/R,
z → z/lz, t → ωrt with ωr = ~/(MR2) = 4.8 Hz as well
as the dimensionless chemical potential µj → µj/(~ωr)
of the spin component j. The order parameter takes
the form ψje
−iµjt = Ψ˜j/C with C
2 =
√
2π~ωrlz/c0.
Furthermore we define V (r) = −V0r2q exp (−q(r2 − 1)),
νs = sgn(c0) = +1, and νa = c2/c0 = −4.66 · 10−3 for
a 87Rb condensate. The total number of atoms in the
experiment of Ref. [5] is N = 8 · 104, the parameters
of the trap are ωz = 350Hz and R = 12µm. The di-
mensionless parameters in our model are chosen to cor-
respond to the conditions of the experiment: depth of
the potential V0/(~ωr) = 1574.3, quadratic Zeeman shift
ǫ = δE/(~ωr) = 9070.4.
Non-equilibrium dissipative effects are of crucial im-
portance since they provide the mechanism for the damp-
ing of the vortices. We describe such effects by the phe-
nomenological parameter γ > 0 on the left hand side of
GPEs (5) and (6). Dissipation means that energy and
particles are exchanged between the condensate and a
thermal reservoir. Here, we use the phenomenological ap-
proach introduced by Choi et al. [20] for atomic BEC in a
manner similar to that originally proposed by Pitaevskii
[21]. Dissipative GPEs are used extensively in studies of
vortex dynamics [22–24].
The parameter γ may be calculated using quantum ki-
netic theory [25] for homogeneous BEC. In the following,
we neglect a possible position and temperature depen-
dence of γ, and set γ = 0.08. With this value for the
parameter γ, we found the vortex lifetime obtained from
numerical simulations in a simply connected sheet trap
to be in agreement with results of experimental studies
of the dissipative vortex dynamics [3]. Furthermore, we
verified that our main results do not depend qualitatively
on the chosen value of γ ≪ 1.
The GPEs (5) and (6) with γ > 0 conserve neither the
energy nor the number of particles. In a study of hy-
drodynamic quantum turbulence [23] a time-dependent
chemical potential µ(t) was introduced, so that the num-
ber of particles was conserved. For a relatively rapid
process, such as vortex nucleation or decay, the specific
time-dependence of the chemical potential is not very
important as was pointed out in Ref. [22]. Here, we are
interested in the dynamics of a stable super-flow, the life-
time of which is restricted only by the decay of the con-
densate itself. Therefore, in our simulations, we adjust
the chemical potential µ(t) at each time step so that the
number of condensed particles slowly decays with time,
N(t) = N(0)e−t/τ0, with τ0 = 180 in order to match
measurements for lifetime of atomic BECs reported in
Ref. [5].
Dynamics of phase-slips – We numerically simulate
the dynamics of the persistent flow in a toroidal trap
using the two-dimensional dissipative mean-field model
given by Eqs. (5) and (6). As initial condition ~ψ|t=0 =
(ψ+, ψ0, 0) we employ a stationary vortex state obtained
from Eqs. (5) and (6) by imaginary time propagation
(see, for example, the inset in Fig. 1). Although in the
initial state the ψ− component is set to zero in accordance
with the experimental conditions [5], we allow population
of this component during evolution. It turns out that due
3FIG. 1: (Color online) Decay of the persistent current in a
two-component condensate with spin-population imbalance
Pz = (N+−N0)/(N++N0) = 0.4. Shown are the angular mo-
mentum per atom for spin component mF = +1 (solid black
curve) and mF = 0 (dashed red curve). The inset represents
the initial radial distributions of the 2D densities |ψ+|
2 and
|ψ0|
2 for the triply charged persistent current in the toroidal
trap.
to the weakness of the spin-dependent part of the interac-
tion and a rather significant dissipation, the population
N− remains very low and can be neglected.
The angular momentum per particle is quantized for
stable persistent currents in accordance with the quan-
tization condition (3). During a phase slip the angular
momentum is not integer, as is clearly seen from Fig.
1 which presents a typical example of the temporal dy-
namics of mF = +1 and mF = 0 spin components of the
order parameter.
We observe that during a phase slip the density distri-
bution of the two spin components is highly anisotropic
(see Fig. 2(a)). It turns out that the smaller the admix-
ture of the minor component the more time is needed
for the development of this symmetry-breaking azimuthal
instability, and thus the longer is the lifetime of the
persistent current. This is no surprise, since the phase
separation appears as a result of a repulsive nonlinear
inter-component interaction. The phase separation grows
out of small azimuthal perturbations which are energet-
ically favored in a condensate with comparable number
of atoms in both components.
It is obvious from Fig. 2(b) that as the result of the
phase separation, the regions with reduced density in one
component are filled by atoms of the other component (so
that the total density distribution n = n+ + n0 remains
axially-symmetric). These dynamical weak links play a
key role for the decay of the persistent current: The vor-
tex line, which is trapped inside the internal toroidal hole,
can easily drift through these ‘gates’, which consequently
change the topological charge by one unit.
FIG. 2: (Color online) (a) The detailed dynamics of a phase
slip from charge-3 vortex to a charge-2 wortex. The colour
code shows the density of the mF = +1 spin component. The
positions of the vortex cores are indicated by crosses. (b)
Color-coded phase of two spin components combined with
density isolines during phase-slips at the times indicated in
Fig. 1 by the integers.
This hypothesis is supported by investigations of the
dynamics of the phase of the order parameter and by
analysis of the vortex core position during the phase slip.
Typical examples of phase-slips are shown in Fig. 2,
where the white crosses indicate the positions of the vor-
tex cores. For the detection of the vortex core position we
used a simple phase unwrapping technique similar to the
one described in Ref. [26]. In low-density regions near
the center of the toroidal trap one finds a sea of “ghost”
vortices, which correspond to strong phase fluctuations
well outside of the Thomas-Fermi surface.
The physical nature of the phase slips, which are ob-
served in our simulations, is similar to the mechanics of
the decay of superflow in toroidal traps with weak links.
They have been investigated both experimentally [2, 4]
and theoretically [27–29]. Indeed, the density variations
in each component, which arise dynamically in toroidal
spinor BECs as the result of an instability, play the same
role in the decay of the persistent currents as the local-
ized regions of reduced superfluid density produced by
the external barrier placed across the annulus. It was
found [28] that in the region where the condensate den-
sity is reduced by the barrier, a vortex line moves from
the inner region and either circulates around the annu-
lus or collides and annihilates with an anti-vortex, which
enters the toroid from outside the annulus. As a result,
the condensate suffers a global 2π phase slip and the to-
tal angular momentum decreases by one unit. It turns
out that dissipative effects dramatically change the dy-
namics of the vortex lines during the phase slip: the cir-
4FIG. 3: (Color online) Angular momentum per atom L+/N+
as a function of time and Pz. Angular momentum is repre-
sented by the color code and characterizes vortex charge if
L+/N+ is integer. It can be seen that there is a very sharp
edge between stable and unstable currents at about Pz ≈ 0.89.
culation around the annulus of the vortex line becomes
unstable in the condensate with dissipation. The phase
slip appears as a result of the fast drift of the vortex
line through the dynamical weak links to the edge of the
condensate, where the vortex decays into elementary ex-
citations. This mechanism of the decay of the persis-
tent flow appears to be significantly more effective, than
the vortex-antivortex collision and annihilation inside the
weak link, which plays a crucial role in dissipationless
condensates [28, 29].
To compare our theoretical findings with the experi-
ment [5] we present the angular momentum per parti-
cle in the major component as the function of the spin-
population imbalance Pz = (N+ − N0)/(N+ + N0) and
time. In agreement with the experiments it is seen from
Fig. 3 that above a well-defined (‘critical’) value for Pz
the persistent current is stable. Below this critical value
the supercurrent decays rapidly. However, the experi-
mentally observed ‘critical’ value (Pz ≈ 0.64) is well be-
low our predictions (Pz ≈ 0.89). The difference between
our theoretical estimates and experimental results could
be minimized, if one properly accounts for possible devia-
tion in the experimental conditions [3] of 3D distribution
of the trapping potential from the pure Laguerre-Gauss
shape assumed in our 2D model. A more accurate de-
scription of the dissipative processes could also improve
the quantitative agreement with the experiment. Indeed,
the phenomenological parameter γ, which describes the
dissipation in our simulations, is in general temperature-
and position-dependent, which is not included in our sim-
ple model.
Conclusions – We studied the stability of persistent
flow in spinor Bose-Einstein condensates within a dissi-
pative mean field theory. We find that in a BEC with
dominant population in one spin component, persistent
currents are stable for over two minutes. Increasing the
population of atoms in a second spin component, we ob-
serve that at a rather well-defined ‘critical’ population
imbalance the persistent flow gets unstable and quickly
looses vorticity in well defined steps.
We numerically simulate the dynamics of this quan-
tized loss of vorticity. Using phase unwrapping of the
condensate wave function we detect the position of the
vortex cores. Thus, we prove that the single-charge
vortex line enters into the torus from the inner region
through a ‘gate’ - region in the condensate annulus with
reduced density of one component filled by atoms of the
other component. This local phase separation of the spin
components occurs dynamically because of the nonlinear
inter-component interactions. Due to dissipation, which
is phenomenologically implemented into our model, the
vortex line then quickly traverses these self-induced weak
links from the dense condensate region to the edge of the
toroidal cloud, where it immediately decays into elemen-
tary excitations. During this process the vorticity slips
by one unit. Such quantized phase slips occur until the
persistent flow stops.
Our observations qualitatively agree with the experi-
mental findings reported in Ref. [5]. We chose parame-
ters for our calculations such that they closely resemble
the conditions of this experiment. However, the mech-
anism of the persistent current decay suggested in the
present work most probably can be similarly observed
in any multi-component condensate with repulsive inter-
atomic interactions.
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